We analyze the problem of the orbital control of an Earth's satellite using the gravity of the Moon. The main objective is to study a technique to decrease the fuel consumption of a plane change maneuver to be performed in a satellite that is in orbit around the Earth. The main idea of this approach is to send the satellite to the Moon using a singleimpulsive maneuver, use the gravity field of the Moon to make the desired plane change of the trajectory, and then return the satellite to its nominal semimajor axis and eccentricity using a bi-impulsive Hohmann-type maneuver. The satellite is assumed to start in a Keplerian orbit in the plane of the lunar orbit around the Earth and the goal is to put it in a similar orbit that differs from the initial orbit only by the inclination. A description of the close-approach maneuver is made in the three-dimensional space. Analytical equations based on the patched conics approach are used to calculate the variation in velocity, angular momentum, energy, and inclination of the satellite. Then, several simulations are made to evaluate the savings involved. The time required by those transfers is also calculated and shown.
2 Changing inclination using the gravity of the moon The goal of the majority of the space programs in the world is to develop techniques to decrease the fuel expenditure in space missions. Sometimes, a mission must be projected in an emergency case to rescue a satellite, as the AsiaSat 3 satellite. In that case, the fuel was not enough to transfer the satellite to its proper orbit. However, although there was not sufficient combustible to change the orbital inclination of the satellite (an expensive maneuver), it was enough to send the satellite to the Moon, and to leave the gravity field make the desired plane change, without fuel consumption.
In this paper we analyze the problem of the orbital control of a terrestrial satellite using the lunar gravity. Analytical equations are developed to quantify the variations of inclination, velocity, energy, and angular momentum of a close approximation with the Moon, and several simulations are made to evaluate the savings involved. The main idea is to verify in which cases this strategy is more economical than classic methods (that do not use the swing-by).
The maneuver consists in three parts: (i) application of a first impulse that is used to send the satellite in a planar trajectory to the Moon; (ii) the swing-by with the Moon is used to make a free plane change; (iii) two impulses are applied to return the satellite to the desired nominal values of semimajor axes and eccentricity. The main advantage of this maneuver is that the change of orbital plane is achieved through the lunar gravity, saving a great amount of fuel and performing missions that otherwise were not practicable. Another advantage of this approach is that it allows the possibility of studying the Moon, making the mission a double-objective one.
The proposed maneuver
It is assumed that the system has three bodies: a primary (M 1 , the Earth) and a secondary (M 2 , the Moon) bodies with finite masses and a third body with negligible mass (the satellite) that has its motion governed by the two other bodies. The problem is divided in three phases dominated by the two-body celestial mechanics ("patched-conics" approach). It is assumed that the satellite is in an initial orbit around the Earth that is coplanar with the orbit of the Moon, with given semimajor axis (a 0 ) and eccentricity (e 0 ) such that this orbit is coplanar with the orbit of the Moon.
The canonical system of units is used, implying that: (i) the unit of distance is the Earth-Moon distance (384400.05 km); (ii) the angular velocity of the motion of the Earth and the Moon is assumed to be equal to one; (iii) the mass of the Moon is given by μ L = m 2 /(m 1 + m 2 ) (where m 1 and m 2 are the real masses of the Earth and the Moon, resp.) and the mass of the Earth (μ T ) is (1-μ L ), being the total mass of the system equal to one; (iv) the unit of time is defined such that the period of the motion of the Earth and the Moon is 2π; (v) the gravitational constant is equal to one.
The initial impulse.
The first step is to apply a first impulse (ΔV 1 ) to send the satellite from its initial parking orbit around the Earth to the Moon. The minimum value for the semimajor axis (a 1 ) that allows a transfer to the Moon is given by a 1 = (1 + a 0 )/2. As the initial orbit around the Earth is elliptical, a point in the orbit where the impulse will be applied must be chosen. Due to change of energy reasons, the most economical point to apply the impulse is the perigee of the orbit. In this way, the magnitude of the impulse required for the transfer and the eccentricity of the transfer orbit are
2.2. The swing-by maneuver. The second step is to quantify the maneuver when the satellite approaches the Moon (the swing-by). The motion of the satellite is then governed by the secondary body M 2 , since the system follows the two-body model. The radius of the sphere of influence of the Moon is obtained from the equations shown in reference [3] . Figure 2 .1 shows the sequence for this maneuver. The variables used to identify uniquely the swing-by trajectory are r p , the distance from the satellite to the center of the Moon at the moment of the closest approximation to this body (perilune distance); V p , the velocity of the satellite at perilune; two angles (α and β) that specify the direction of the perilune in a three-dimensional space; λ, the angle between the velocity vector V p and the horizontal plane that passes by the perilune. The satellite leaves point A, passes by point P (the perilune), and goes to point B. Points A and B are chosen in a such way that the influence of the Moon at those two points can be neglected and, consequently, the energy can be assumed to remain constant after B and before A. The result of this maneuver is a change in velocity, energy, angular momentum, 4 Changing inclination using the gravity of the moon In Figure 2 .2, V i and V O are the velocity vectors of the satellite with respect to the Earth (inertial velocities) immediately before and after the close approximation, respectively; γ is the flight path angle, that is, the angle between the inertial velocity of the particle and the velocity of the Moon; δ is half of the turning angle of the particle around the Moon; V ∞ is the velocity vector of the particle with respect to the Moon at the moment when the approach starts (−) or ends (+) ( V − ∞ and V + ∞ have the same magnitude); and Δ V is the total variation in the velocity of the satellite caused by the swing-by maneuver. Note
. Then it is possible to calculate the magnitude of V i , as well as the true anomaly of that point: In these equations, only the positive value of the true anomaly was taken, and we are using the fact that the Earth-Moon distance is equal to one. Next, the flight path angle γ as well as the magnitude of V ∞ is calculated. Assuming a counterclockwise orbit for the particle, these parameters can be written as follows:
The angle φ shown in Figure 2 .2 and the turning angle (2δ) of the particle around the Moon are
The angle of approach (α) (see Figure 2 .1) is given by α = π + φ + δ. Assuming that the satellite trajectory is in the same plane of the orbit of the Moon around the Earth and that the angle β and the perilune distance r p are used as control variables of the maneuver (they can be reached with maneuvers that have negligible consumption), we can obtain the following relation for the angle λ of Figure 2 .1:
The equations for the inertial velocities V i and V o are [2] From the above equations, it is possible to obtain expressions for the variations in velocity, energy, and angular momentum of the satellite. They are
+ cosαcos δ cos λ + cosβ sinαsinδ − cos δ sinαsinβ sinλ ,
In these equations, R = (d,0,0) is the position vector of M 2 , and d is the Earth-Moon distance. The inclination before the close approach is assumed to be zero and the inclination after the passage is
where C o is the final angular momentum (subscript Z stands for the z-component) and i o is the final inclination.
The final impulses.
After the swing-by, two impulses are applied to return the satellite to the desired nominal values of semimajor axes and eccentricity. In other words, it must return the satellite to the initial orbital size and shape, a 0 and e 0 .
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The semimajor axis (a 2 ) and the eccentricity (e 2 ) of the orbit after the close approach are given by
(2.9)
The semimajor axis (a 3 ) of the orbit after the second impulse is now calculated. It is
Then, the second and third impulses that will put the satellite in the final desired orbit are 3 ,
So, the maneuver is accomplished and the satellite will be in a final orbit with the same semimajor axis and eccentricity of the initial one, but with an inclination i o with respect to the orbital plane of the Moon. To obtain the total cost of the proposed maneuver the three impulses must be added:
(2.12)
Classical maneuvers
A plane change maneuver rotates the orbital plane in inertial space while holding its size and shape, a and e. We are now going to compare the orbital maneuver exposed above with the classical plane change maneuvers: the single and the three-impulse maneuvers [1] . The single-impulse plane change maneuver is characterized by the application of one impulse in the satellite when it passes by the intersection of the two orbits. The best case for this maneuver is when the impulse is given at the apogee of the orbit. With it, the impulse required is
In the three-impulse plane change maneuver the first impulse ΔV Tri 1 is added tangentially to the orbital velocity in order to achieve a transfer ellipse whose apogee radius is r 2 (r 1 is the perigee). At the apogee, ΔV Tri 2 is used to rotate the apogee velocity through the 8 Changing inclination using the gravity of the moon desired plane change angle i. The equations for this maneuver are
where r 1 = a 0 (1 − e 0 ), and the total cost is given by
Results
To obtain the results, the total cost of the proposed maneuver ΔV T (2.7) was compared with that of the classical maneuvers, varying the values of the free parameters: e 0 , a 0 , r p , and the β angle. The effect of the variation of the parameter a 1 can also be tested, but in this paper just the minimum value is used. So, several simulations were performed with the equations shown above. Figure 4 .1 shows the inclination change as a function of the angle β, in radians, obtained after the swing-by maneuver for five values of eccentricity e 0 . It is important to note that the inclination change is proportional to this variable. In Figures 4.1-4 .4 there are some discontinuities. Physically, those points split the plots in two regions: the one where the values of the angle β can be achieved with the given initial conditions and the one where those values cannot be achieved with the given initial conditions.
The inclinations obtained after the swing-by are less than 1 radian for values of the eccentricity e 0 less than 0.5, that is, just for larger values of initial eccentricity it gets inclinations change larger than 1 radian. So, the three-impulse plane change maneuver will not be used in the comparisons with the proposed maneuver, since this maneuver is worse than the monoimpulse change maneuver for the values of the inclination change that are obtained here. It is visible that the proposed maneuver is better when the initial orbits are next to the circular ones.
Next, the effect of the perilune distance r p is analyzed. In this case, one value of eccentricity is chosen (e 0 = 0.01) and five values of r p are shown in Figure 4 .3. The results show that two regions can be distinguished. In the region β ∼ π, the advantages of the swing-by maneuver increase when this parameter decreases. But in the region β ∼1 (or β ∼5), the best value of r p is 0.04566 that represents a saving of 0.467501 canonical units of the proposed maneuver over the classical one.
Then, the effects of varying the initial semimajor axis a 0 are considered. In that case, the semimajor axis a 1 is the minimum possible in each case. respective possible minimum a 1 . It is clear that the savings of the swing-by maneuver decrease when the value of this variable increases. This result is expected because the costs of the inclination change increase very much when the initial orbit gets closer to the Earth.
In the next figures, the total time to perform the proposed maneuver is shown. Figure  4 .5 shows the time, in days, as a function of the angle β, in radians, for the same five values of eccentricity used to build Figure 4.2. The total time is independent of the initial orbit eccentricity. In the region β ∼1 (or β ∼5), the proposed maneuver has values very large for the total time, so it is not shown in the figure. Figure 4 .6 considers the effect of the perilune distance r p . Finally, Figure 4 .7 shows the effects of varying the initial semimajor axis a 0 in the total time for the transfer.
Conclusions
An alternative maneuver is presented to perform a plane change maneuver using the lunar gravity to save fuel. Elliptic initial orbits are considered and analyzed. A set of analytical equations is used to describe the maneuver and with them it is possible to compare it with the classical plane change maneuvers. The results show that in several circumstances the proposed maneuver can be more economical than the standard maneuvers if a proper choice of values for the free parameters is made: (i) the orbit is next to circular, (ii) the semimajor axis of the initial orbit has the smallest possible values, (iii) the perilune distance of the close approach is as small as possible if the angle β ∼ π and it is equal to 0.04566 (∼ 15813 km above lunar surface) if β ∼ 1 or β ∼ 5. This research provides a theoretical base for space missions that includes change plane maneuver like the AsiaSat 3 rescue. To be used in real missions, perturbations effects must be included and a suggestion for future researches is to improve this model adding such effects to make it practical.
